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ENGLISH VERSION

Instructions : (1) As per the Instruction No. 1 of Page no. 1.
(2) Answer all questions.
(3) Figures to the right indicate marks of the question.
(4) Follow usual notations.

1 (a) Answer the following questions.

(1) Prove that the series g ntl is divergent. 2
n:1n+2
(2) X is the characteristic function on [0, 1]. Show 2
-1
that | X=1.
3 Defineoz Equivalent metrics. 1
(4) Show that R; hasno dense subset except R itself. 2
(b) Decide the validity of the following statements. 8

Justify your answer:
(1) In a metric space every Cauchy-Sequence
1s convergent

(2) The diameter of any subset of R; is one.
(3) R' 1s compact.
4 In R', [0, 1] is complete.

2 (a If {an}:: 1 is a non-increasing sequence of positive 7
QO
real numbers and if Z a, converges then prove
n=1
lim na, =0
that oo n .
b) If {an}:: 1 is a non-increasing sequence of positive 5

QO
real numbers and if Z P ay, converges then prove
n=0

o 0]
that ) a, converges.

n=1
(¢) Answer the following : 6
& 1
(1) Prove that the series W 1s convergent
n=0 :

RR-0877] 5 [Contd...



2 (a)

(b)

©

(b)

©

& 2n
(2) Prove that the series Z

—9 ., _ 1s divergent.
n=1 h" —4n+7

OR
QO
If Z a, 1is a divergent series of positive real 7
n=1

numbers then prove that there is a sequence of positive

real numbers {en}:_l which converges to zero but for

e o]
which Y, €,a, diverges.
n=1

Let {an}n:1 be a non-increasing sequence of positive 5

e o]
numbers. If > gnazn is divergent then prove that

n=0

e o]
Y. a, is divergent.
n=1

Answer the following : 6

1 1 1

jes 1= +=——F. |
(1) Prove that the series P 18

conditionally convergent.
& 1

(2) Prove that the series = m

is divergent.

b b b
If f, g<R[a, b] then prove that I(f+g):ff+fg. 7
a

a a
For a bounded real-valued function f on [a, b] prove 6

that u[f: c]zu[f:c*%], where cco*.

Prove that every countable subset of R' has measure 5
Zero..

OR
Let f be a bounded function on [a, b]. Prove that, if 7
f € R|a, b] then for every >0 there exists a subdivision

o of [a, b] sub that u[f; o]-L[f:0]<e.
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(b) If f is continuous on [a,b], f(x)>0, (a<x<b) and 6

b
I f(x)dx =0 then prove that f is identically zero on

a

[a, b].
(¢ If f is continuous on [a, b] then prove that 5
1T & (R
lim — Y f(—j:j'f.
x—>o n k=1 n 0
4 (a) Let (M, p) be a metric space and ge M. Let f 7

and g be two real-valued functions on M. If

lim f(x)=L and lim g(x)=M then prove that

xX—>a xX—>a
lim f(x) g(x)=LM
x—a :
(b) Define a Cauchy sequence in a metric space. Prove 6

that every convergent sequence in a metric space is a
Cauchy-sequence but converse is not true.

© Let x=(x;, x5), ¥y=(¥» ¥9). If x, ye R* and 5

1
p(x, y)= [(xl -y )2 + (% — ¥y )2 }2 then prove that

p 1s a metric.

OR
4 (a) Let <M1, p1> and <M2, p2> be two metric spaces. 7

Then prove that f: M; - M, is continuous at a e M,

if and only if whenever {xn} is a sequence of

(e o]
n=1
points in M, converges to a then the sequence

{f(xn)}::zl of points in M, converges to f(a).

(b) Show that every Cauchy sequence in R; is 6
convergent.
(© Let d:R%xR? —[0, «) a function defined as 5

d(Ceps ¥ (x5 ¥9)) =) —25|+|¥, — ¥5| then prove

that <R2, d> 1S a metric space.
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5 (a) Let <M1, p1> and <M2, p2> be metrix spaces and let 7
f:M; > M, be a function. Then prove that f is
continuous on M; if and only if f‘l((;) 1S open in

M, whenever G is open in M,.

(b) Let E be any subset of a metric space M. Then 6
prove that g is closed.

(¢ Let f and g be continuous real-valued functions on 5
the metric space pr. If A={xe M/ f(x)<g(x)} then

prove that A 1is open.
OR

5 (a) Let (M, p) be a metric space and let A be a 7
proper subset of M. Then prove that the subset G,
of A is open subset of (A, p) if and only if there

exists an open subset Gy, of (M, p) such that
G, =AnGy,.

(b) If the subset A of the metric space (M, p) is totally 6
bounded then prove that A is bounded.

(c) Let f be a continuous real-valued function on the 5
metric space M . Let A be the set of all xe M
such that f(x)>0. Prove that A is closed.

6 (a) If a metric space pf has the Heine-Borel property 7
then prove that M is compact.

(b) Let (M, p) be a metric space. If (M, p) is compact 6

then prove that every sequence of points in 3/ has a
subsequence converging to a point in M.
(¢) Prove that a closed subset of a complete metric space 5

1s complete.
OR

6 (a) If n F ¢ then prove the that metric space M 7

Fe3

is compact. Where S is a family of closed subsets
of M with the finite intersection property.

(b) If f is a continuous real-valued function on [a, b] 6
then prove that the graph of fis a compact subset
of R%.

(¢c) Prove that R? is a complete metric space. 5
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